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11 The Compact Open Topology
Let Y be a topological space, X a set and ; 6= F  Y X: Let  be a
nonempty collection of subsets. For S 2  and G  Y; let [S;G] = ff 2 F :
f(S)  Gg =
T
fff 2 F : f(s) 2 Gg : s 2 Sg =
T
fF \ P  1
s : s 2 Sg where
Ps : Y X ! Y is the projection Ps(f) = f(s): Since
[
f[S;G] : S 2 ;G an open set in Y g = F;
the collection of all [S;G] with S 2 ; G an open set in Y; is a subbase for
a unique topology for F which will be called the  open topology.
Example 1.1. Let  be the set of all singletons in X: Then the  open
topology is the product topology. To prove this suppose rst that f !
f; x 2 X and that G is an open nbd of f(x): Then f 2 [fxg;G] eventually
since the latter is a  open set containing f. Thus f(x) 2 G eventually and
so f(x) ! f(x): Conversely, if f(x) ! f(x);8x 2 X; let U be a nbd of f:
Then, by the denitions of the  open topology and subbase, U includes a
nite intersection of sets, each of which is of the form [fxg;G] and each of
which contains f; for each such set f(x) 2 G eventually; that is f 2 [fxg;G]
eventually. Hence f 2 U eventually.
The special case of the  open topology in which X is a topological space
and  is the collection of compact subsets of X is called the compact open
topology. Since each singleton is compact in any topological space we can
conclude that the compact open topology is always larger than the product
topology.
Denition 1.1. Let X be a topological space and S  X: A net f of
functions: X ! Y is said to converge continuously on S to a function f if,
for each net x in S with x ! x 2 S; it follows that f(x) ! f(x): A
topology T for F  Y X is called jointly continuous on a subset S of X if,
whenever f;f 2 F and f ! f in T; it follows that f ! f continuously on
S:
Remark 1.2. T is jointly continuous on S i the map (f;x) 7! f(x) from
F  S ! Y (which we call the joint map) is continuous. Indeed, if T is
jointly continuous, let u be a net in F  S with u = (f;x) ! u = (f;x):
Then f ! f;x ! x since the projections of F  S on F;S are continuous.
Hence, f(x) ! f(x): Conversely, if the map (f;x) ! f(x) is continuous,
let f;x be nets in F;S; with f ! f;x ! x: Then f(x) ! f(x) by
hypothesis.
Denition 1.2. A locally compact space is a space in which each nbd of a
point includes a compact nbd of that point.
2Lemma 1.3. Let F be a set of continuous maps: X ! Y: Then the compact
open topology for F is jointly continuous on all locally compact sets in X:
Proof. Let S be a locally compact subspace of X: Let (g;s) 2 F S and let
G be an open nbd of g(s) in Y: We must nd a nbd of (g;s) which the joint
map carries into G: Since g is continuous and S is locally compact, s has a
compact nbd N  S with g(N)  G: (Note: N is a nbd of s in the relative
topology of S:) Let U = [N;G]  N: Then U is the desired nbd. Indeed, let
(f;x) 2 U: Then f(x) 2 G since f 2 [N;G] and x 2 N:
Lemma 1.4. Let F be a set of continuous maps: X ! Y: Then any topology
for F which is jointly continuous on all compact sets in X is larger than the
compact open topology.
Proof. Let f ! f in T; where T is jointly continuous on all compact sets.
If f 9 f in the compact open topology, there exists a compact set K in
X and an open set G in Y such that f 2 [K;G] and 8 90   with
f0 = 2 [K;G]: Let f be a subnet with f = 2 [K;G]: So there exists x in K with
f(x) = 2 G: Since K is compact there exists a subnet x with x ! x 2 K:
Then f(x) ! f(x) contradicting f(x) 2 G:
Theorem 1.5. A compact regular space (hence,also, a compact Hausdor
space) is locally compact.
Proof. Let N be a nbd of x in a compact regular space X: Since X is regular
there exists a closed nbd F of x with F  N: Then, F; as a closed subset of
the compact space X is compact.
Theorem 1.6. Let X be a regular space or a Hausdor space. Let F be a
set of continuous functions from X to a topological space Y: The compact
open topology for F is the smallest topology for F which is jointly continuous
on all compact sets in X; and it is also the smallest topology for F which is
jointly continuous on all locally compact sets in X:
Proof. By Theorem 1.5 any topology which is jointly continuous on all locally
compact sets is also jointly continuous on all compact sets. Thus, Lemma
1.4 may be applied with Lemma 1.3, to get the second statement. The rst
statement follows similarly.
Corollary 1.7. If X is a locally compact regular space, and F is a set of con-
tinuous functions from X to a topological space Y; the compact open topology
is the smallest topology for F which is jointly continuous on X:
32 Uniform Space
We begin with some notations. Let X be a set U;V  X  X then:
 the diagonal of X  X is  = f(x;x) : x 2 Xg:
 U 1 = f(x;y) : (y;x) 2 Ug:
 U  V = f(x;y) : (x;a) 2 V; (a;y) 2 U for some ag:
 for x 2 X;S  X;
U(x) = fy 2 X : (x;y) 2 Ug; U(S) = fU(x) : x 2 Sg:
Denition 2.1. Let X be a set. A uniformity for X is a collection  of
subsets of X  X satisfying:
(U1)  is a lter.
(U2)   U for every U 2 ; where  is the diagonal.
(U3) U 2  implies U 1 2 :
(U4) 8U 2  9V 2  with V  V  U:
A base for a uniformity is a collection B of subsets of X  X satisfying:
(B1) B is a lterbase.
(B2)   U for every U 2 B:
(B3) 8U 2 B 9V 2 B with V  1  U
(B4) 8U 2 B 9V 2 B with V  V  U:
A pair (X;); where  is a uniformity for X is called uniform space.The
elements of  are called connectors.
Lemma 2.1. Let B be a base for a uniformity on X: Let  be the lter on
X  X generated by B: Then  is a uniformity on X and ;B are related
by the conditions:
(a) B  
(b) every member of  includes a member of B
Conversely, if (X;) is a uniform space and B is a collection of subsets
satisfying conditions (a) and (b), then B is a base for a uniformity.
4Example 2.2. Let (X;d) be a semimetric space. For each  > 0; let
U = f(x;y) : d(x;y) < g;B = fU :  > 0g:
Then B is a base for a uniformity.
Denition 2.2. We call a connector U symmetric if U = U 1.
Clearly, if U is symmetric then (x;y) 2 U i (y;x) 2 U and y 2 U(x) i
x 2 U(y):
Theorem 2.3. Every uniformity  has a base of symmetric connectors.
Proof. Let B be the collection of al symmetric connectors in : Then B is the
required base. To se this we check that B satises the conditions of Lemma
2.1. That B   is by denition. Next, given U 2 ; let V = U \U 1: Then
V 2 B and V  U:
Let (X;) be a uniform space. Then  induces a topology in the fol-
lowing way: G  X is open if 8x 2 G; 9U 2  such that U(x) 2 G:
fU(x) : U 2 Bg is a base at x for this topology.
Since a connector U for a uniform space X is a subset of XX; it is possible
to discuss U; the closure of U in the product topology. If U = U; we call U a
closed connector.
Theorem 2.4. Let U be a connector in a uniform space (X;) and let B be
a base for : Then U =
T
fV  U  V : V 2 Bg:
Proof. Suppose rst that (a;b) = 2 U: There is a nbd of (a;b) in the product
topology which does not meet U and, by Theorem 2.3, this nbd includes
W(a)  W(b) for some symmetric connector W: It follows that
(a;b) = 2 W  U  W:
Otherwise x 2 W(a);y 2 W(b);b 2 W(y) hence
(x;y) 2 (W(a)  W(b)) \ U  N \ U:
Now choose V 2 B with V  W and obtain (a;b) = 2 V  U  V: Conversely,
let (a;b) 2 U and V1 2 B: Choose symmetric V  V1: Now V (a)  V (b)
is a nbd of (a;b) in the product topology; hence it mets U; say (x;y) 2
(V (a)  V (b))
T
U: Then a 2 V (x);x 2 U(y);y 2 V (b) and so
(a;b) 2 V  U  V  V1  U  V1:
5Theorem 2.5. Every uniformity has a base of symmetric closed connectors.
Proof. Let B be the collection of all symmetric closed connectors in :
Clearly, B   so we have to check only condition (b) of Lemma 2.1. Let
U 2 : Choose symmetric V with V  V  V  U: Then V  V  V  V  U
(Theorem 2.4) and the proof is concluded by showing that V 2 B: Since
V is closed, it is sucient to show that it is symmetric. Now by Theorem
2.4 V =
T
fW  V  W : W 2 Sg; where S is the set of symmetric connec-
tors. Each W  V  W is symmetric and since any intersection of symmetric
connectors is symmetric the result follows.
3 Topologies of Uniform Convergence
Denition 3.1. Let (Y;) be a uniform space, X a set, ; 6= F  Y X and 
a nonempty collection of subsets of X which is directed by containment (that
is, for S0;S00 2  there exists S 2  with S  S0 [ S00). For each S 2  and
U 2 ; let (S;U) = f(f;g) 2 F  F : (f(s);g(s)) 2 U; 8s 2 Sg then the
uniformity generated by B = f(S;U) : S 2 ;U 2 g is called the uniformity
of  convergence and the corresponding topology is called the topology of 
convergence. They are also called the the uniformity (the topology) of uniform
convergence on the members of :
Denition 3.2. Let f be a net of functions from a set S to a uniform space
Y: We say that f ! f uniformly on S if for each connector U; there exists
0 such that   0 implies that (f(x);f(x)) 2 U; 8x 2 S:
Theorem 3.1. A net f ! f in the topology of  convergence i f ! f
uniformly on each S 2 :
Proof. Let f ! f in the topology of  convergence, S 2 ; and let U be a
connector in Y: Then (f;f) 2 (S;U) eventually. This implies the conclusion.
Conversely, if f ! f uniformly on each S 2 ; let G be a nbd of f: There
exists a basic connector (S;U) with
(S;U)(f) = fg 2 F : (f;g) 2 (S;U)g  G:
Since, f ! f uniformly on S it follows that (f;f) 2 (S;U) eventually, and
so, eventually, f 2 (S;U)(f)  G: Hence, f ! f:
In the case of a topological space we receive the following:
Theorem 3.2. Assume that X is a topological space and that all members of
F are continuous. Then the topology of  convergence is jointly continuous
on each S 2 :
6Proof. Fix g 2 F;S 2 ; and s 2 S: Let G be a nbd of g(s); then G  U(g(s))
for some connector U: Let V be a symmetric connector with V  V  U:
Since g is continuous there exists a relative nbd Ns of s in S such that
g(Ns)  V (g(s)): Let
Ng = (S;V )(g) = fh 2 F : (g;h) 2 (S;V )g:
Clearly, Ng is nbd of g: The proof is concluded by showing that Ng  Ns
maps into G under the joint map.To prove this, let (f;x) 2 Ng  Ns: Then
(g;f) 2 (S;V ) so that (g(x);f(x)) 2 V also (g(x);g(s)) 2 V by denition of
Ns: Hence, (f(x);g(s)) 2 V  V  U: Therefore, f(x) 2 U(g(s))  G:
Theorem 3.3. Let X be a topological space. Let F be a set of continuous
functions from X to a uniform space Y: Then, on F; the topology Tu of
uniform convergence on compact sets is equal to the compact open topology
Tk:
Proof. First Tu  Tk by Theorem 3.2 and Lemma 1.4. To prove the converse,
let f 2 F and let N be a Tu nbd of f: Then
N  (K;U)(f) = fg 2 F : (f;g) 2 (K;U)g
for some compact set K; and connector U in Y: Let V be a symmetric closed
connector with V V V  U: Now, fint V (f(x)) : x 2 Kg is an open cover of
f(K); which is compact. It may be reduced to a nite cover fint V (f(xj)) :
j = 1;2;:::;ng: For j = 1;2;:::;n; let
Gj = int(V  V )(f(xj)); Kj = K \ f
 1(V (f(xj))):
Each Kj is compact since f is continuous, and V is closed connector. Thus
for each j; [Kj;Gj] is a Tk nbd of f; and the proof is concluded by showing
that N 
T
f[Kj;Gj] : j = 1;2;:::;ng: Let g 2 [Kj;Gj] for all j and let
k 2 K: Then f(k) 2 V (f(xj)) for some j and f(xj) 2 V (f(k)): But also
g(k) 2 Gj  (V V )(f(xj)) and so g(k) 2 (V V V )(f(k))  U(f(x)): This
says that (f(k);g(k)) 2 U; 8k 2 K; in other words, (f;g) 2 [K;U]: Hence
g 2 (K;U)(f)  N:
4 Equicontinuity
Denition 4.1. Let F be a set of functions f : X ! Y; where X is a
topological space and Y is a uniform space. Then F is called equicontinuous
at x 2 X if for each connector U for Y; there exists a nbd N of x such
that f(N)  U(f(x)) for each f 2 F: F is called equicontinuous if it is
equicontinuous at each point of X:
7Example 4.1. For n = 1;2;:::; dene fn : R ! R by fn(x) = nx and
gn : R ! R by gn(x) = x
n: Then fgng is equicontinuous [take  = ; then
jy xj <  implies j
y
n   x
nj < ] but ffng is not. [8 > 0;x 2 R;jny  nxj = 
for y = x + 
n and certainly jy   xj <  if n > 
:]
Lemma 4.2. Let Y be a uniform space, X a set, x 2 X; and F  Y X: Let U
be a connector for Y; and set M = Mx =
T
ff 1(V (f(x)) : f 2 Fg; where V
is a connector such that V  V  U: Then for f 2 F; [fxg;(V (f(x))]  M
maps into U(f(x)) under the joint map (from F  X to Y ).
Proof. Let g 2 [fxg;(V (f(x))];m 2 M: Then g(m) 2 V (g(x)) by the def-
inition of M: By the denition of g we also have g(x) 2 (V (f(x)): Thus,
g(m) 2 (V  V )(f(x))  U(f(x))
Remark 4.3. We can interpret Lemma 4.2 in terms of joint continuity. First,
[fxg;(V (f(x))] is a nbd of f in the pointwise (=product) topology of F: Thus,
this topology is jointly continuous on a topological space X providing that
Mx is a nbd of x for each x 2 X: Now Mx is a nbd of x i F is equicontinuous
at X: Hence, the following result.
Theorem 4.4. Let F be an equicontinuous set of functions from a topological
space X to a uniform space Y; and let  be a collection of subsets of X which
contains every singleton. Then the  open topology is jointly continuous on
X:
Proof. By Remark 4.3 we know that the pointwise topology is jointly con-
tinuous. Since  contains each singleton the  open topology is ner than
the pointwise topology. Hence, the  open topology is also jointly continu-
ous.
Example 4.5. Dene fn : R ! R by fn(x) = 0 for x  0; and for x  2
n;
fn( 1
n) = 1; and a "straight line" between 0 and 1
n; and between 1
n and 2
n: Each
fn is continuous; fn ! 0 pointwise but not continuously because fn( 1
n) 9 0.
It follows from Theorem 4.4 that ffng is not equicontinuous.
Theorem 4.6. Let F be an equicontinuous set of functions from a topological
space X to a uniform space Y: On F the product topology of Y X; the compact
open topology, and the topology of uniform convergence on compact sets are
equal.
Proof. This follows immediately from Theorem 4.4 ( =singletons), Lemma
1.4 and Theorem 3.3; taking account of the fact that the compact open
topology must be larger than the product topology.
8Theorem 4.7. Let F be an equicontinuous set of functions from a topological
space X to a uniform space Y: The closure of F in Y x is also equicontinuous.
Proof. Let V be a closed connector of Y and x x 2 X: Since F is equicon-
tinuous then there exists a nbd N of x such that f(N)  V (f(x));8f 2 F: It
is enough to show that f(N)  V (f(x));8f 2 F: Fix f 2 F;n 2 N: We have
to show that f(n) 2 V (f(x)): Since f 2 F there exists a net f in F such
that f ! f: Hence, f(n) ! f(n): By our assumption (f(x);f(n)) 2 V for
each : Since (f(x);f(n)) ! (f(x);f(n)) and V is closed we conclude that
(f(x);f(n)) 2 V: Therefore, f(n) 2 V (f(x)) as required.
Corollary 4.8. Let f be an equicontinuous net of functions from a topolog-
ical space X to a uniform space Y: Then if f ! f pointwise, it follows that
f is continuous.
In the following Theorem C(X;Y ) is endowed with the compact open
topology. We use the letter p as an abbreviation for the product (pointwise)
topology.
Theorem 4.9 (Arzela-Ascoli). Let X be a locally compact topological
space, Y a uniform space, F a closed subspace of C(X;Y ): Then F is com-
pact i it is equicontinuous and ff(x) : f 2 Fg is a compact subset of Y for
each x 2 X:
Proof. Suppose rst that F is compact and x 2 X: Then Px : F ! Y;Px(f) =
f(x); is continuous. Thus, Px(F) = ff(x) : f 2 Fg is compact. To prove
that F is equicontinuous at x; let U be a connector for Y , and V a symmetric
connector such that V  V  U: For each f 2 F there exists a nbd Nf of
f and a nbd Mf of x with Nf  Mf mapping into V (f(x)) under the joint
map (by Lemma 1.3). Reduce the cover fNf : f 2 Fg of F to a nite cover
(N1;N2;:::Nn), where Ni is Nfi and let M1;M2;:::Mn be the corresponding
choices of Mf: With M =
T
Mi; equicontinuity will follow when we prove that
f(M)  U(f(x)); 8f 2 F: To prove this, let f 2 F and m 2 M: Suppose
f 2 Ni: Then m 2 Mi; and so f(m) 2 V (fi(x)): We also have f(x) 2 V (fi(x))
since x 2 Mi: From these two relations we have (f(x);f(m)) 2 V  V  U:
Hence, f(m) 2 U(f(x)) as required.
Next, assume that F is equicontinuous and that Ax = ff(x) : f 2 Fg
is compact for each x 2 X: Let F1 be the p-closure of F in Y X: since F  Q
fAx : x 2 Xg  Y X; we obtain by Tychono's product theorem that F1
is p-compact in Y X. By Theorems 4.6 and 4.7 F1 is compact also with
respect to the compact open topology. Hence, F as a closed subset of F1 in
this topology, is also compact.
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